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Let a be an involution in a finite group G. In [l] Glauberman proved that 
if [x, a] = x-la-laz has odd order for every element x of G, then a lies in 
Z*(G). (Let K( ) G be the largest normal subgroup of odd order in G. Then 
Z*(G) is the subgroup of G containing K(G) such that Z*(G)/K(G) is 
the center of G/K(G).) In this paper we shall prove that if [x, u] has 
even order for every element x of G (the identity element of G being 
assumed also to have even order), then a lies in the largest normal 
2-subgroup of G. 
The following notation will be used. For elements x and y of a group G 
we define [x, y] = x-ly-lxy and inductively [x, ny] = [[x, +ry], y] for 
n 2 1 with the convention [CC, ,,y] = x. If S is a subset of G, then (S) is the 
subgroup generated by S. An element of order 2 is called an involution. An 
element of even order is either the identity element or an element whose order 
is divisible by 2. The largest normal 2-subgroup will be denoted by O,(G). 
NORMAL ~-SUBGROUPS 
We first prove a lemma due essentially to Held [2, p. 5841. 
LEMMA. Let a be an involution in afinitegroup G. Let x be any element of G. 
Then for every positive integer k 
[LY, #] = [x, a](-2)? 
Proof. We prove the lemma by induction on k. For k = 1, the result is 
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clearly true. Assume that the result is true for R = n. Then by using the fact 
that [x, a]-” = [Q, x] and a-r[x, a]a = [a, x] we have 
= p, a]-1-2)“-1 a -1 [x, a](-2wz 
= La, x](-2)n-'(a-i[x, a]a)(-2Y1 
= [a, X]w~-~[a, "&+-2)-l 
- = la, 42(-2F 
= [x, q-2)*. 
ence, the result is true for all positive integers k. 
THEOREM. Let a be an involution in a$nite group G. If [x, a] has even order 
for every element x of 6, then a lies ia O,(G). 
Pyoof. Let x be any element of G. Suppose [x, a] has order 2’s, where r is 
a nonnegative and s an odd integer. By the lemma we have 
ence, 
Since by hypothesis [x , T+lu] = [[x, .a], a] has even order, we have 
fx, r+la] = 1. Since x is arbitrary, it follows by a theorem of Baer on Engel 
elements (see e.g. [3, Satz 6.15, p.2981) that a lies in the Fitting subgroup of G, 
Being an element of order 2, a lies in O,(G) and the theorem is prove 
COROLLARY 1. Let a be an i7zvoZution in a finite group 67. If for every 
elemerat x of G there is a positive integer n (which may depend on x) such that 
Lx, %a] has even order, then a lies in O,(G). 
ProoJ. It is sufficient to prove that [xi a] has even order for every elemen-r 
x of 6. Let the order of [x, na] be 2l”m, where k is a positive and m an odd 
integer. Then by the lemma we have 
and 
Lx, a]~-2)~-%n, - - [x, ,a]““” = 1 
Hence, [x, a] has even order. This proves the corollary. 
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COROLLARY 2. Let a be an involution in a jkite group G. If for every 
element x of G not in C,(a) (the centyalizer of a in G) the subgroup (a”, a) ha-s 
order divisible by 4, then a lies in O,(G). 
Proof. For any element x of G we have [x, a] = aSa. Hence, (a”, a) = 
([x, a], a}. Since [x, a]” = [x, al-l, ([x, a]) is a subgroup of index 2 in 
(a”, a}. If x is not in Co(a), then [x, a] # 1. Hence, 2 divides the order of 
([x, a]). The corollary now follows from the theorem. 
COROLLARY 3. Let a be an involution in a$nitegroup G. If G is simple, thm 
there exist elements g and h of G such that [g, a] has even order 22 and [h, a] 
has odd order > 1. 
Proof. If no such g exists, then [x, a] has odd order for every element x 
of G. Then G is not simple by the result of Glauberman mentioned earlier. 
If no such h exists, then by the theorem a lies in O,(G) and again G is not 
simple. 
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